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AK adjustment cost economy

> Output
C+1, = ak;

with multiplier denoted MC;. Divide by K; to obtain:

Ct + ]t
— — = Q.
K K,

> Capital evolution:

0
I 1
Kt+1 = Kt |:]. = 92 <I<t>:| eXp(BH_l — Bl)
t

with costate MK, where 0 < 61 < 1,016 = 1.
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Exogenous state evolution

1
Bi1—Bi= -0+ 2, — B | 0% |? +0% - Wiga
Zi1 = AZ +BW
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Adjustment cost specification

Functional form:
(1 + 6a)™

where 0 < 91 < 1 and 9192 =1.

Second-order approximation (around i = 0)

(1-162) 5

1

(1400 ~14i+
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State equation rewritten

K1 L\ 1%
< Itg ) = [1+92 <Ktt)] exp(Bi+1 — By)

I
logK;+1 — logK; = 0 log [1 + 05 (Ktﬂ + Bi11 — By
t
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Costate

mee| (%) (o) (52) 1
Sy MCt+1 K;
Sz+1> <MKI+1> <1<,+1> { L\ (1
— MCE 146y (= L
f [< s ) \mci ) UK, i Kﬂ <1<>

—MKt + OéMCt = 0

R
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Costate rewritten

2| (%) Giess) ()12
Sy MCi K;
<St+1> <MKt+1> <Kt+1> [1 L6, (lz)]_l <1z>
St MC[J,_l Kt Kt Kt
_ MK;
MC;

—E

R

+a=0
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A digression

> Solve the optimization problem from the perspective of time 0
while looking ahead to the subsequent time periods ¢ and ¢ + 1.

> Use conditional expectations as a convenient way to sum across
states that are yet to realized.

> The state equation for dates ¢ and 7 + 1 with multipliers £; and
411 and the output equation with multiplier ¢; add three terms to
the Lagrangian:

L_1\1%
4 (Kt — K, [1 + 03 < - )] exp(B; _Bt—l)) | 2o

K1

L\1"
gH‘l (Kt-i-l — Kt |:]. + 92 <[<t>:| eXp(BH_l — B[)) | Q[()

t

E

+E

+E [é, (Co+ L — ak,) | mo]
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Digression continued

The optimization problem has a recursive structure, leading us to
perform calculations conditioned on time ¢ leading us to look at:

0
17 1
Et <Kt — Kt—l |:1 ar 62 <[{t L >:| eXp(Bt — Bt—l))
t—1

01
1/
liy1 <Kz+1 - K; [1 + 07 <Kl>] exp(Biy1 — Bz)) | Ay

t

+E

+4,(C+ I, — oK)
The first-order conditions for consumption imply that
6, = MC,
We then construct MK; and MK, ; using the formulas:

S 1MCy )
S;MCry

gt = MK, Et—i—l = MKz+1 (

9/17



Digression continued

Suppose we revert to the date zero perspective. The first-order
conditions for consumption now imply that

X S,MC, S,MC,
l, = MC =
: ! (SOMC,> So
In this case, we set
S,MC
¢, = MK, | 222
SoMC,
S i MC,\ [ S:MCy Si1MCy
by = MK = MK,y | 22—
ak a <S0Mct+1> (SOMCz L\ SoMCii1

to be consistent with the presumed recursive structure.
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Digression observations

> The multiplier construction using the ¢’s and Ps depend on the
choice of date zero.

> Our derivation rescales the multiple to capture the change in
vantage point by exploiting the recursive structure of the
problem.

> The solutions for particular ratios of interest are functions of the
current Markov state vector
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First-order conditions for investment

MCE

61-1
1
S’“) MEi11 0162 [1 + 63 <Ktﬂ exp(Bi+1 — B,)) R
St ) MCpyq t

.. .. . K
Dividing this first-order condition by MC; and substituting in ;(—*tl

gives:
=il
Sit1 MK,H) (Kt+1> [1 o (1)} i,
St MCipq K; K;

—1=0.

E
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A revealing “asset return” formula

S,
=05 )] 1=
i def MKz—H Kt+1 ]t
R = 1
s <MC,+1> < K; e K;

is the physical return to investment.

where
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Collecting variables and equations
Jump variables: log MK; — log MCy, log I, — log K;, log C; — log K,
State variables: log K; — log Ky, , By — Bi—1,7;

Three equations in addition the state evolution equations: output
equation, costate evolution equation and first-order conditions for
investment.

Solve for the jump variables as functions of the state variables.
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Observations

> limited state dependence: jump variable only depend on Z;

> jump variables are constant when p = 1, including both the
investment capital ratio and the consumption-capital ratio

Recall

1
logK;11 — logK; = 0, log [1 + 02 (Kt>} + Bit1 — By

t

Simple connection to an long-run risk type economy when p = 1.
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Exposure elasticity: I over K
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Steady states for C/I are .015 for p = 2/3, .281 for p = 1 and .510 for

p=3/2.

Exposure Elasticity of Investment over Capital
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Price elasticity: K as growth process

Price elasticity
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