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In this article we provide a characterization of the dynamic evolution 
of short-term interest rates using data on federal funds interest rates. 
Our characterization uses Markov diffusion models as data interpre- 
tative devices. Markov diffusion models have played a preeminent 
role in the theoretical literature on the term structure of interest rates 
[e.g., see Cox, Ingersoll, and Ross (1985)1. The factors underlying the 
term structure are invariably modeled as having linear drifts (local 
expected changes) and often linear diffusion coefficients (variances 
of local changes) as in the square-root process of Feller (1951). The 
short-term interest rate process that is derived from these factors in- 
herits this linear structure. While such specifications are convenient 
for deriving and estimating explicit models of the term structure of 
interest rates, from the viewpoint of data description it is important to 
specify the drift and possibly the diffusion coefficient in more flexible 
ways. 

A Stochastic Process for Interest Rates 
Nonlinearities in time-series models are often introduced through the 
conditional mean. In this article we also emphasize the role of nonlin- 
earities in the conditipnal variance as a function of the Markov state. As 
we show, this dependence of the conditional variance on the Markov 
state has important consequences for both the local and global behav- 
ior of the time-series model. To analyze the role of state dependence 
in the conditional variances it is convenient to use a scalar diffusion 
model. We presume that an econometrician observes a discrete-time 
sample of a process {xtl that is a stationary solution to the stochastic 
differential equation: 

dxt = it(xt) dt + a (xt) d Wt, (1) 

where I Wt4 is a one-dimensional standard Brownian motion. 
While we permit flexible models of the drift I, our parameteriza- 

tion of the local variance or2 iS, following Chan et al. (1992), a power 
function of the current state. The magnitude of the power is one of the 
key parameters of interest. It gives the elasticity of the local variance 
with respect to the Markov state. Hence, in addition to characteriz- 
ing the nonlinearities in the drift, we also present measurements of 
the local variance elasticity that are not premised on strong a priori 
restrictions on the drift. 

In Section 2 we give local and global characterizations of diffu- 
sion models with constant variance elasticities. We show that the local 
mean reversion is conveniently summarized by first-order expansions 
of hitting probabilities, that is, probabilities of reaching a nearby point 
to the right of the current location prior to an equidistant point to the 
left. In particular, the first-order term in the expansion is one-half 
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times the ratio of the drift to the diffusion coefficient (,u/(2a2)). In 
studying the global behavior we provide sufficient conditions for sta- 
tionarity and geometric ergodicity. We show that for some parameter 
configurations the global behavior is dictated primarily by the volatil- 
ity elasticity, and that nonlinearities in volatility (a) may guarantee 
global stationarity even though the corresponding deterministic pro- 
cess (with the same drift ,t, but a = 0) would be explosive. This is 
a particular case of what we call volatility-induced stationarity. As a 
consequence, the magnitude of the variance elasticity is a crucial in- 
gredient to both the local and global characterization of the diffusion 
process for short-term interest rates. 

We treat as unobservable the actual amount of economic activity 
and information flow that elapses between observations. To permit 
a difference between "economic time" and actual calendar time, we 
use a device originated by Bochner (1960) and advocated by Clark 
(1973) for studying certain financial time series. Specifically, there is 
an increasing process {vtl with stationary and ergodic increments that 
dictates the sampling scheme. Our model of the observed discrete- 
time process {yj} is given by the "subordination" 

yi = Xtj 

sampled at integer points in time j. Thus subordination introduces a 
temporally dependent but unobserved sampling scheme for the dif- 
fusion process. We delineate the properties of the admissible unob- 
served {-rj process in Section 2. 

As we will see, this subordination can be interpreted in a vari- 
ety of ways. One is that it introduces an unobservable hidden factor 
that shifts both the drift and the diffusion and hence implies a par- 
ticular form of a stochastic volatility model. Other researchers haVe 
concluded that single-factor models of bond prices appear to be too 
restrictive [see Longstaff and Schwartz (1992) and Pearson and Sun 
(1994)]. Alternatively, subordination is a device for accommodating 
systematically missing data points. For instance, in daily federal funds 
data there are systematically missing data points due to the presence 
of weekends and holidays. Moreover, as is evident from the empirical 
work of Hamilton (1996), transition densities for federal funds rates 
appear to have some strong periodic components due to institutional 
constraints on participants in the federal funds market.1 

We impose stationarity on the underlying process {xt} and on the 
increments of Iij}. The process 1yj} observed by the econometrician 

1 For other characterizations of periodicity in financial time series see Andersen and Bollerslev 
(1996) and Bollerslev and Ghysels (1996). 

527 



The Review of Financial Studies / v 10 n 3 1997 

in discrete time inherits this stationarity. On the other hand, we de- 
liberately avoid restricting the process {xt} to have a linear drift or a 
constant diffusion coefficient. In macroeconometrics one often mod- 
els short-term interest rates as having a unit root and hence being 
nonstationary. This choice seems dictated in part by the use of multi- 
variate linear time-series models to summarize the data. The nonlinear 
time-series model we employ here is stationary, but at the same time 
allows for unit root-like behavior over much of the support of the 
data. 

New Estimation Methods 
We analyze nonlinear diffusion processes using some new estimation 
methods that are justified in this article. Our econometric implemen- 
tation uses test functions to discriminate among competing models. 
These test functions are converted into empirically verifiable moment 
conditions using an operator A referred to as an infinitesimal gener- 
ator. This operator summarizes conveniently the local evolution of a 
Markov process. In the case of a scalar Markov diffusion, it can be 
built directly from the drift and diffusion coefficients via 

AO5 = JLt + a2 

for appropriately smooth functions 0. Hence, any parameterization of 
the drift and diffusion coefficients translates directly into a parametriza- 
tion of the infinitesimal generator. We use the moment conditions 
implied by a collection of test functions to ascertain which models 
within a parameterized family are empirically plausible.2 We parame- 
terize the drift in a flexible way and use a constant volatility elasticity 
parameterization of the diffusion coefficient. A feature of the resulting 
moment implications is that they are applicable independent of how 
much calendar time has elapsed between observations. As a conse- 
quence, they permit the presence of an independent subordinating 
process. 

Our approach to identification is to initially use the marginal dis- 
tribution of interest rate levels to extract information about the drift 
of the diffusion for a range of volatility elasticities. This guarantees 
that our estimated process fits the long-mun properties of interest rate 
data. We then use the distribution of first differences in interest rates 
to extract information about the volatility elasticity. By looking at first 

2 Hansen and Scheinkman (1995) show that with a sufficiently rich collection of test functions, the 
drift and diffusion coefficient in principle can be identified nonparametrically up to scale. We will 
not be that ambitious here for reasons that will be made clear subsequently. 
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differences, our second step in part imitates other methods of estimat- 
ing volatility with two important caveats: we adjust for the presence 
of a nonzero drift and we permit the presence of subordination. In 
independent work, Ait-Sahalia (1996b) has used similar identifying in- 
formation via an entirely different econometric implementation.3 An 
advantage of both our methods and that of Ait-Sahalia (1996b) over 
the generalized method of moments approach employed by Chan 
et al. (1992) is that they avoid taking a coarse difference-equation 
approximation to the continuous-time evolution equation. 

We justify two new methods for implementing the first step of this 
procedure in Appendixes C and D. In Appendix C we show that the 
scores of the marginal distribution of the data are (approximately) 
the most efficient test functions. Thus this method is linked to the 
method of maximum likelihood except that we use scores as test func- 
tions instead of as moment conditions. From this vantage point, our 
test function approach provides a simple way to adjust the moment 
conditions from maximum likelihood estimation for the temporal de- 
pendence inherent in diffusion models. This method is described in 
Section 4. In Appendix D we justify a local extension of the efficient 
test function estimator. Here we adopt a linear parameterization of the 
drift, but localize this parameterization by our choice of test functions. 
This method is motivated in part by the extensive literature on local 
linear regression and is described in Section 5. Both methods allow us 
to relax the assumption of a linear drift and are easy to implement. We 
use the second (local) method as a robustness check for the results 
obtained from our nonlinear parameterization. 

We find that nonlinearities in the drift are important for high-vari- 
ance elasticities (say elasticities greater than four) but not for low ones. 
By studying hitting time probabilities, we will argue that even with 
nonlinearities in the drift, interest rates behave locally like a Brownian 
motion for all but very low interest rates. This is especially true for 
the higher volatility elasticities. For the high-volatility elasticities, mean 
reversion (pull to the center of the distribution) is dictated primarily 
by volatility instead of the drift. 

Efficient test functions are not readily available for test functions 
using first differences. Instead we pick test functions to match up with 
features of the empirical distribution of first differences. Our resulting 
measurements of the local variance elasticity for federal funds data 
suggest that the local variance is substantially more sensitive to the 

3 Instead of looking at moment implications for test functions, Ait-Sahalia used the associated 
forward and backward partial differential equations. This identification scheme is closely related 
to that in this article when localized versions of test functions are used. 
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level of these rates than would be the case for the widely used square- 
root model. This finding is consistent with that of Chan et al. (1992). 

1. Constant Volatility Elasticity Diffusion 

In our empirical analysis we focus exclusively on the constant volatility 
elasticity parameterization of the diffusion coefficient for {xt}: 

a2(x) = KXY (2) 

where y denotes the local variance elasticity. Because of the presence 
of the subordination, the scale parameter K iS not identified.4 We nor- 
malize it to be one. Our parameterization for the local variance fol- 
lows, among others, Chan et al. (1992).5 A variance elasticity of one 
is consistent with the Feller (1951) square-root process used by Cox, 
Ingersoll, and Ross (1985) and others. An elasticity of two is consistent 
with a lognormal specification of the short-term interest process. In 
contrast to Chan et al. (1992), we do not confine our attention to linear 
specifications of the drift it. Instead we start off assuming that it is a 
continuous function of the state, and subsequently impose additional 
restrictions motivated by the implied local and global properties of 
the diffusion. We argue that mean reversion depends on the volatil- 
ity elasticity as well as on the drift, and we show that high-volatility 
elasticities may be sufficient to induce stationarity. 

While it is most common to construct the scalar diffusion as the 
solution to a stochastic differential equation, there is an alternative 
way to build a scalar diffusion from a Brownian motion. This con- 
struction leads to a natural measure of mean reversion that takes into 
account the local variance, in addition to the drift. For convenience, 
we describe the inverse operation of reducing the scalar diffusion to 
a Brownian motion via two transformations: a transformation of the 
scale of the process and a state-dependent transformation of the time 
scale or speed of the process. By design the scale transformation elim- 
inates the local mean of the process and hence reduces it to a local 
martingale. The speed transformation eliminates the state dependence 
in the transformed diffusion coefficient converting the local martingale 
into a Brownian motion. As we will see, the scale function encodes 
the amount of "pull" to the right or left of the diffusion. In turn, the 
speed density is closely related to the stationary density. 

4 In the absence of subordination, Hansen and Scheinkman (1995) proposed using an eigenvector 
for the generator to identify the parameter K. 

5 Note that Chan et al. (1992) parameterize the elasticity of the standard deviation, whereas we are 
parameterizing the elasticity of the variance. Hence their estimates must be multiplied by two to 
be comparable to ours. 
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1.1 Scale density 
Consider first the scale function S. This function is strictly increasing 
with derivative or density given by 

[X- 21td(y)dy 
s(x) = exp dy (3) 

Li a2(y) J 
where the lower endpoint of the integration is arbitrary. As a conse- 
quence the scale density is only defined up to a scale factor. As we 
indicated previously, the transformed process {S(xt)1 has a zero drift 
and hence is a local martingale. This local martingale has a particu- 
larly nice interpretation. Consider two points 0 < r1 < r2 < oo and 
an initialization point y in the interval (rl, r2). Suppose the process 
is stopped whenever either r1 or r2 is hit. Then the local martingale 
gives the stochastic process of conditional probabilities of hitting r2 
prior to hitting rl. The scale density encodes this information via the 
following formula. Starting from state y, the probability of hitting r2 
prior to hitting ri is given by the ratio: fY s(x) dxl r2 S(x) dx [e.g., 
see Karlin and Taylor (1981, p. 195)]. Hence the scafe density pro- 
vides probabilistic measures of the "pull" to the right or the left of the 
diffusion at alternative points. 

1.2 Local hitting time probabilities 
Of course, hitting time probabilities are sensitive to the hitting points 
r1 and r2. Instead of specifying these points, in our empirical investi- 
gation, we report local hitting time probabilities. Consider an interval 
centered around an initial condition and compare the probabilities of 
reaching the right boundary before the left boundary. Recall that for 
a Brownian motion this probability is equal to one-half. More gener- 
ally, because of the local Brownian motion character of a diffusion, 
this probability converges to one-half as the length of the interval 
shrinks to zero. Using the scale density, the probability of reaching 
y + ? before y - e starting from y is 

ryr() f s(x) dxl J s(x) dx. 

A simple computation shows that 

1 gy 
,Y ()= ? + 2 2(y) + 0(?). 

Hence ,/(2a2) measures, up to first order, the pull to the right. This 
should be contrasted with the drift w, which measures the pull per 
unit time in a corresponding deterministic system obtained by zeroing 
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out the uncertainty. There are two reasons that make the drift it an 
unappealing measure of pull in our setting. First, in the presence of 
subordination, it is not really a per unit calendar time measure. More 
problematic is the fact that it abstracts from the role of uncertainty. 
As we have just shown, by measuring "pull" using local hitting time 
probabilities, the contribution of it is downweighted when a 2 is large 
(as a function of the state). This correction occurs because the variance 
level affects the probability that the system moves toward the center 
of its stationary distribution. 

1.3 Boundary classification 
Another use of the scale function is to classify the boundaries 0 and 
+oo. A boundary is said to be attracting when the scale function (the 
integral of the scale density) is finite at the boundary point. We impose: 

Assumption 1. fJxs(y) dy = +oo and fxc s(y) dy = +oo for any 
x E (0, 00). 

In other words, for our models neither boundary is attracting. For this 
to be the case, the scale density s must diverge at 0. While the scale 
density is permitted to converge at the infinite boundary, it cannot 
converge to zero too quickly. Assumption 1 is sufficient for there to 
exist a weak solution to the stochastic differential equation given by 
Equations (1) and (2), and this solution is unique in probability law for 
any prespecified initial distribution [Theorems 5.7 and 5.13 of Karatzas 
and Shreve (1991), p. 335]. 

1.4 Speed density 
As we noted previously, by changing the speed of the process we 
can transform {S(xt)} into a Brownian motion and conversely. This 
change in speed has the interpretation of subordinating {S(xt)} to an 
increasing process that depends on the Markov state. More specifi- 
cally, define the cumulative variance process for {S(xt)1; 

rt 

((t) = f 2(xS)S2(xs) ds. 

Let v = (-1. We eliminate heteroscedasticity by "inverting" the cu- 
mulative variance process and forming {S(x,(t))}. The derivative of v 
with respect to time is 1/{o2(x(t))s2(xv(t))} which depends only on 
the state xv(t). Measuring this speed transformation in terms of the 
transformed state gives rise to the speed density: 

1 
m(v) = J2[S-1 (v)]s2[S-1 (v)] 
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To guarantee that the diffusion is stationary, we restrict the speed 
measure to be finite. By the change of variables formula, the corre- 
sponding speed density in the original scale is 

m=-. (4) 
ur2s 

Assumption 2. J s(y)yY dy < oo. 

We initialize the diffusion with a probability density q proportional to 
the speed density. Given Assumption 2, it is known that with this ini- 
tialization the diffusion is stationary with stationary density q [e.g., see 
Karlin and Taylor (1981), p. 2211. In Appendix A we present additional 
ergodicity restrictions used to justify our large sample approximations 
in making statistical inferences. 

Taking logarithmic derivatives of Equation (4) and using the con- 
stant elasticity specification of the diffusion coefficient, it can be ver- 
ified that the local hitting time correction It/(2ur2) satisfies 

Al(y) _ Y+ (Y) (5) 
2o2(y) 4y 4q(y)( 

Notice that for large y the local measure of pull is approximately equal 
to q'/(4q). Thus the hitting time correction is approximately zero for 
large interest rates when the logarithmic derivative of the stationary 
density approaches zero. 

1.5 Volatility-induced stationarity 
Some constant volatility elasticity processes are stationary even though 
the drift is not strictly negative for large interest rates. Assumption 2 
does not require the scale density to satisfy: 

lim inf s(y) = +oo (6) 
y/+oo 

as long as the variance elasticity exceeds one. In particular, the scale 
density may converge to a finite number. It follows from Equation (3) 
that this convergence occurs when 

/(y) dy > -0 (7) 

for some strictly positive x. In cases in which (7) is satisfied and 
the resulting process is stationary, we say that stationarity is volatility 
induced. Volatility-induced stationarity permits the drift to be positive 
for large values of the state. In this case the deterministic counterpart 
obtained by setting K = 0 will be explosive. 

533 



The Review of Financial Studies/ v 10 n 3 1997 

Volatility-induced stationarity occurs when the drift ,u - cy8 for 
large values of the Markov state y, and 0 < y - 1. Notice that c may 
be positive in this construction. In these cases the local hitting time 
correction ,/a2 - cy0-y not only converges to zero but does so faster 
than y-1. One special case of volatility-induced stationarity is when 
the drift is constant and positive and the variance elasticity exceeds 
one. Another is when the drift is linear in y and the variance elasticity 
exceeds two. These cases are of interest to us because Chan et al. 
(1992) estimate a high volatility elasticity for short-term interest rates. 

2. Subordination 

The process observed by the econometrician is constructed by sub- 
ordinating the scalar diffusion {xt} to a strictly increasing process {ij} 

with stationary increments. What is observed is 

Yj = Xj . 

We focus exclusively on identifying and estimating the dynamics gov- 
erning the process {xt} while permitting the presence of subordina- 
tion. We do not need to nor do we attempt to model the dynamics of 
the sampling process {ti}; it is treated as an unobservable sequence. 
Thus our fixed interval sample {yj: j = 1, 2,..., T} is an ordered se- 
quence of observations on the focal process {xtl with unknown gaps 
of time between observations. 

Assumption 3. The process {TI: j = 0, 1, . . .} satisfies To = 0, is in- 
creasing, independent of the scalar diffusion {xt: t > 0) and has 
stationary increments. 

One possibility is that {'7} is constructed via the integral:6 

T=J fzsds, (8) 

where {ZtI is stationary. In this case the continuous-time subordinated 
process is an Ito process with local mean zt1g(yt) and local variance 
ztcr2(yt).7 Thus when {irj is given by Equation (8), subordination has 
the effect of being a random proportional shift in the local mean and 
variance of the original scalar diffusion. When {Zt} is also a scalar 

6 Clark (1973) referred to this process as a "directing process" and did not presume that the original 
process is stationary. 

7To justify this conclusion, we may use Theorem 2.4 of Revuz and Yor (1991, p. 283) in conjunction 
with a change of variables (in the time scale) to show that {y,} is an Ito process conditioned on 
the entire process {Trj and hence unconditionally. This conditioning argument works since {Tj} 

and {x,} are independent. 
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diffusion, we obtain a particular form of a stochastic volatility model 
by introducing a second factor: "economic time." 

More generally, the process {'7} may have sample paths with dis- 
continuities. Subordination also allows for the presence of periodic 
patterns in the sampling process (or directing process) {-rj due to 
the presence of weekends, holidays, or day of the week effects. The 
increment process in our analysis can be deterministic or have deter- 
ministic components so long as these components have a systematic 
pattern that could emerge as a realization from a stationary process.8 

The independence of the processes {xt} and {Trj guarantees that 
the stationary distribution of the diffusion is also the stationary dis- 
tribution of the subordinated process {yj}. However, the transition 
densities are not preserved and the subordinated process is not typi- 
cally Markovian. For instance, the transition densities can have fatter 
tails for the reasons articulated by Clark (1973). 

As we shall see, the diffusion characterization of the underlying 
process {xt} simplifies the task of constructing econometric estima- 
tors, and the independence of the sampling process from the process 
of interest is critical for justifying these estimators. The large sample 
approximations we use to make statistical inferences require further 
restrictions on the subordinating process that are discussed in Ap- 
pendix A. 

3. Identifying the Drift 

As argued previously by Banon (1978) and Cobb, Koppstein, and 
Chen (1983), the drift it of the scalar diffusion can be identified (non- 
parametrically) from this distribution for a given volatility elasticity. 
Following Hansen and Scheinkman (1995), we depict this identifica- 
tion by using moment implications associated with a collection of pre- 
specified test functions. The vehicle for building moment conditions 
from the test functions is the infinitesimal generator for a candidate 
Markov process. The infinitesimal generator is an operator that gives 
the local or instantaneous transition probabilities implied by the can- 
didate process. In the case of a scalar diffusion, the generator can 
be constructed from the drift and diffusion coefficients, or equiva- 
lently from the scale and speed densities. In what follows, we present 
the infinitesimal generator for a scalar diffusion followed by two dif- 
ferent collections of moment conditions used to identify the drift it. 
One collection is used in combination with a global parameterization 

I Recall that periodic functions can be viewed as stationary and ergodic processes by randomizing 
appropriately the initialization. 
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of it. This results in an estimation method similar to that of Cobb, 
Koppstein, and Chen (1983). The second collection is local in na- 
ture, and the resulting estimation method is similar to that of Banon 
(1978). 

3.1 Infinitesimal generator 
Let Q denote the stationary distribution induced by xt. We define 
12(Q) to be the space of all Borel measurable functions mapping 
JR -*> R that are square integrable with respect to Q. The infinites- 
imal generator A for a Markov process is the time derivative of the 
conditional expectation operator. For some functions, this time deriva- 
tive may not exist. In the case of a scalar diffusion, the subspace of 
functions for which this derivative is well defined is given by 

D = {4E 1 2(Q): qY is absolutely continuous; 
AtO + 1or2q5" E 122(Q) 

~b'(y) - . ___ - o limY,o s(y) = limy/o s(y) - 0} 

[see Hansen, Scheinkman, and Touzi (1996)]. For functions q E X, an 
implication of (a generalized version of) Ito's formula is 

12 
AO5 = p4'+ -a2q0Y=) 2 2mks! 

3.2 Moment conditions 
Consider a test function 0 in the domain D of the generator. Since {xt} 
is stationary, we know that E[4(xt)] is constant over time and hence 
has a zero derivative. This in turn implies that 

E[Aq5(xt)] = E u(xt) (xt) + 2 (Xt = 0. (9) 

That is, the local mean of the process {0(xt)} has a zero expectation. 
When stationarity is volatility induced, a linear test function is not 
in the domain of the generator. This follows because q'ls cannot 
converge to zero for large values of the Markov state when q is linear. 
In these cases it is not necessarily true that the drift It has mean zero 
under the stationary distribution. In fact, it could be strictly positive 
over (0, oc).9 

9 As a consequence, the identification scheme of Ait-Sahalia (1996a) for the diffusion coefficient is 
not applicable when stationarity is volatility induced. 
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Since Equation (9) is an implication for the stationary distribution, 
it follows that it also holds for the subordinated process {yj}: 

E [gy1Yi)'(yj) + j2(Y)qY(Y)] = 0. (10) 

There is great flexibility in the choice of test functions as any function 
in D can be used. 

3.3 Efficient test functions for a global parameterization 
The first collection of test functions we use is motivated by efficiency 
considerations. For simplicity, suppose we have a continuous record 
of data between time 0 and time T, and that we directly observe the 
diffusion (without subordination). We establish in Appendix C that an 
efficient vector of test functions is given by the score vector of the 
implied parameterization of the stationary density. That is, let q(y; a) 
denote the density evaluated at state y and hypothetical parameter 
vector a. The score vector is defined to be 

d(y; a) log q(y; a). 
aa 

In the stylized setting of a continuous record, if each component d is 
in the domain of the generator for the true parameter vector, then the 
resulting test function estimator (using E[.AdI = 0) will be statistically 
efficient. In particular, it will be more efficient than a quasi-maximum 
likelihood that uses moment conditions E[d] = 0. In effect, the ap- 
plication of the generator to the score vector adjusts optimally the 
moment conditions for the presence of temporal dependence.10 

Although our justification is based on the simplifying assumption 
of a continuous record, we employ the same test functions for our 
discrete-time sample of a subordinated diffusion. While we hope the 
optimality remains approximately true (see Appendix C for a discus- 
sion), our discrete-time implementation still results in a consistent and 
asymptotically normal parameter estimator. 

3.4 Localized test functions 
When the parameterization of the model is only presumed to work 
locally, we localize the first derivatives of the previously constructed 
test functions with respect to y. To localize about the point x, we mul- 
tiply the first derivative by a smooth kernel K evaluated at 

0 The optimality problem being solved is a second-best problem where we limit the class of esti- 
mators to those using only moment conditions obtained from Equation (10). 
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(y - x)/a. The kernel K is a differentiable probability density func- 
tion with compact support. As 8 gets small, attention is focused on 
data points in the vicinity of x, and hence a dictates the domain of 
the local parameterization. The corresponding test functions are ob- 
tained by integrating up the localized first derivative, although it is 
unnecessary to perform the integration to implement our estimation 
method. 

To relate this test function approach to the identification scheme 
of Banon (1978), suppose we take the drift to be locally constant in 
the vicinity of x. It can be shown in this case that the first derivative 
of the score of this drift parameter with respect to the state is just 
2/U2(y). As S declines to zero, Equation (10) becomes the first-order 
differential equation: 

At(x) (a2)f(X) q'(x) 0.(11) 

(2(X) 2a2(X) 2q(x) 

As emphasized by Banon (1978), for a given specification of a2 and a 
given logarithmic derivative of the density, the drift it can be chosen 
to satisfy Equation (11). Consequently, armed with just the stationary 
distribution of the data, we can accommodate any volatility elasticity 
by selecting the drift appropriately. 

4. A Global Model of the Drift 

We imitate Cobb, Koppstein, and Chen (1983) by adopting a "flexible" 
global parameterization of the drift ,u in hopes that this parameteriza- 
tion does not "distort" the estimation of y. 

4.1 Parameterization 
We parameterize the local mean as 

e 
,tt(x; a) = E ixi (12) 

i=-k 

where a [a-k, al-k+1 . . .a,el. We assume that e > 1 and k > 0. 
When these inequalities are satisfied with equality, the local mean is 
linear. In our empirical work the most flexible parameterization we 
consider has ? = 2 and k = 1. This still allows for some nonlinearities 
in the drift. It is straightforward to verify that the following joint restric- 
tions on a_k and ae suffice for Assumptions 1, 2, and 4 in Appendix A 
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to be satisfied: 

* Restrictions on the left boundary 

(i) for k = 0 and 0 < y < 1: no possible choice of ak;11 

(ii) for k = 0 and y = 1: 0a-k> 1/2; 

(iii) for k = 0 and y > 1: 0a-k > 0; 

(iv) for k > 1 and y > 0: 0a-k > 0; 

* Restrictions on the right boundary 

(v) for y <e + 1: ae <0; 

(vi) for y = e + 1: Cae < 1/2; 

(vii) for y > ? + 1: no restriction on ae. 

In case (vii) the integrability of the speed density is coming from 
the contribution of the diffusion coefficient because the scale density 
converges to a constant for large x. In other words, we have volatility- 
induced stationarity. As emphasized by Cobb, Koppstein, and Chen 
(1983), the family of implied stationary densities not only embeds 
the gamma density associated with Feller's square-root process but 
also has considerable flexibility to accommodate multiple modes and 
approximate a rich family of density functions. 

4.2 Test function estimator 
To implement our efficient test function estimator, we must compute 
the first two derivatives (with respect to y) of the parameterized score 
vector. For our parameterization these derivatives do not depend on 
the unknown parameter vector a. For this reason, we abuse notation 
by dropping the dependence of the score vector d on a. The first 
derivative is 

[ 1 2y-k- 

d'(y)= 
a 

logq(y;a) = 
a 

[2y (y J I2y-k-y+l 
ayaa &a yY [ . 

Suppose the data available to estimate the parameter vector a are 
a sample from the subordinated process: {yj: j = 1, 2, ..., T}. Our 

When oto < 0, it is possible to build a diffusion model with a reflecting barrier at zero that is 
stationary and has the prescribed local means and variances. Having a reflecting barrier at zero 
for short-term interest rates is not an empirically plausible model, however. 
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discrete-time estimator is obtained by solving the linear equation 

T ~ ~ 1T 
T d'(yj)z<ar +-E d"(yj)o2(y1) = 0 (13) 

j=1 ~~~~j=1 

where * denotes the transpose and zj = Jk Yk+1* 

Therefore 

aT = - d T 1E dT j). (14) 

The limiting distribution for this estimator is given by 

,V7(aT - a) =X K(0, G-lAG-l*) 

where =X denotes convergence in distribution, and where 

G = E[d'(yj)zj*] 

and A is the spectral density matrix at frequency zero for the multivari- 
ate discrete-time process {d'(yj)it(yj) + 2 d"(y) j2(y1): j = 1, 2, .. .}. 
The spectral density matrix appears because of the central limit ap- 

proximation, 

4 E[d (yj) yWj) + - d' (yj)2j]X( ) 
N/ [2'ii i +jdfy)2y)1 =:~ K(0, A), 

which is justified in Appendix B. The matrix G can be estimated con- 
sistently by a time-series average and the spectral density matrix A by 
standard time-series methods. 

Our estimator is similar to that of Cobb, Kobbstein, and Chen (1983) 
except that they employ polynomial test functions with positive in- 
teger powers. For optimality, we let the polynomial powers depend 
on the variance elasticity. As a result, we do not have to preclude 
volatility-induced stationarity (y > f + 1). 

4.3 Estimation results 
We use a data set of federal funds interest rates. It consists of daily 
observations on "effective" federal funds overnight interest rates, mea- 
sured as annualized percentages, from January 2, 1970, to January 29, 
1997.12 The data set has systematically missing observations, primar- 
ily due to weekends and holidays. As discussed in Section 2, we take 

12 We thank the Federal Reserve Bank of Chicago for providing the data. 
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the discrete-time observations {yj) to be generated from an underly- 
ing interest rate process {xt) and sampling scheme 1T7) according to 

The drifts are inferred from Equations (12) and (14) for integer val- 
ues of the variance elasticity parameter y between zero and six. The 
least restricted specification of the drift we consider, with k = 1 and 
f = 2, has four free parameters [see Equation (12)]. Using this param- 
eterization we consider drifts with more pull for both large and small 
interest rates than the commonly used linear specification [k = 0, 
f = 1 in Equation (12)]. Estimates of the drift parameters for our least 
restricted specification are contained in Appendix G. Here we report 
estimates of the implied stationary densities (or equivalently speed 
densities) and our local hitting time measure t/(2a2). The implied 
density estimates are reported in Figure 1. For comparison, we also 
include a coarse histogram of the data in the background. Notice 
that for variance elasticities between zero and three, the implied den- 
sity estimates track each other remarkably closely. For larger variance 
elasticities (in excess of four) the implied densities are bimodal. The 
possibly spurious extra hump becomes more pronounced for larger 
values of y. In Figure 2 we report the implied densities when the 
drift is constrained to be linear. Not surprisingly, the implied densities 
are much more sensitive to the variance elasticity specification. Non- 
linearities seem to be particularly important for very small elasticities 
and for elasticities in excess of four. On the other hand, when the 
variance elasticity is one or two, the implied densities for the linear 
and nonlinear drift models are quite close. 

In Figure 3 we report the measure of pull to the right t/(2a2) as a 
function of the interest rate level. For moderate variance elasticities, 
there is pull to the center of the distribution for both small and large 
interest rates. Larger variance elasticities magnify the pull from the left 
and diminish the pull from the right. In particular, for high variance 
elasticities, large (but historically observed) interest rate behavior is 
close to that of a continuous (local) martingale. On the other hand, 
there is a very substantial pull to the right for small interest rates. 
Equation (5) indicates that t/(2a2) should increase as the variance 
elasticity increases. Since our estimate of q'/(4q) varies with the vari- 
ance elasticity, this monotonicity does not hold over the entire state 
space. Moreover, since the large interest rate limit of q'/(4q) depends 
on the parameterization, the corresponding large interest rate hitting 
time corrections are not constrained to be equal. In Figure 4 we re- 
port our estimates of it/(2a2) along with two-standard error bands for 
variance elasticities one and four. For y = 1, the standard error bands 
widen for large and small interest rate levels. For y = 4, the standard 
error bands widen substantially for small interest rate levels, but not 
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Figure 1 
Implied stationary density estimates for federal funds data with the nonlinear drift parameterization 
and local variance elasticities y 0 O 1,.., 6. Background histograms of the data are scaled to 
integrate to one. 

for large interest rates-13 This latter finding is being driven in part by 

the fact that when y = 4, the parameterization of the drift guarantees 
that the estimate of ,u/(2cr2) converges to zero by construction as the 
Markov state gets large. 

4.4 Specification testing 
To complement our depiction of nonlinearities in the drift coefficient, 

we now present chi-square tests of the model specification based on 
the marginal distribution of the data. We are compelled to use differ- 

ent functions for testing than for estimation for the following reason. 

Suppose the true model has a linear drift and a variance elasticity of 

one (Feller's square-root process). It turns out that one of the efficient 
test functions for the nonlinear mean specification we use may fail 
to be in the domain of the generator and hence may not be a valid 

13 Although not evident from Figure 4, the standard errors increase as the interest rate levels decrease 
in the left portion of the figure. 
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Flgure 2 
Implied stationary density estimates for federal funds data with the linear drift parameterization 
and local variance elasticities y 0 , 1,...,6. Background histograms of the data are scaled to 
integrate to one. 

test function in this special case. To circumvent this problem, for the 
purpose of testing we build test functions that are cumulative normal 
distributions located at different points of the empirical distribution 
of the data. We then use standard GMM tests of model specification 
based on Equation (10) where a chi-square criterion is minimized by 
choice of the parameters, subject to the sign restrictions discussed af- 
ter Equation (12). The minimized value of the criterion function has 
a chi-square distribution with degrees of freedom given by the differ- 
ence between the number of test functions used and the parameters 
estimated. 14 

We computed chi-square tests using six and eight cumulative nor- 
mal test functions for both the linear and the nonlinear drift spec- 

14 The imposition of sign restrictions on the drift coefficients can have a nontrivial implication 
for the limiting distribution of the coefficients and the GMM tests. Haberman (1989, p. 1645) 
characterizes the limiting distribution as a possibly nonlinear function of a normally distributed 
random vector. Wolak (1991) gives bounds on the limiting distribution of the GMM test statistic 
when nonnegativity constraints are imposed. 
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Figure 3 
Federal funds pull (pj2a2) estimates for the nonlinear drift parameterization and local variance 
elasticities y = 1, 2, 3, 4, 5. 

ification. The cumulative normal test functions are adapted to the 
empirical distribution of {yj} as follows. Let the (n + 1)-vector ( con- 
tain the quantiles of the empirical distribution associated with the 
probabilities .16/n, 1/n, 2/n, . .., (n - 1)/n, 1 - .16/n. Notice that 
we deliberately avoid adapting to the smallest and largest interest 
rates (empirical quantiles zero and one, respectively). Instead we use 
probabilities .16/ n and 1- .16/ n for the first and last quantiles simply 
because .16 is the probability that a standard normal random variable 
exceeds one standard deviation. We take the mean of the ith test 
function to be {((i+ 1) + (i)}/2. Its standard deviation is taken to be 
{f (i+ 1)- 4 (i)}/2. This construction avoids too much overlap between 
test functions and ensures that some of the test functions are centered 
close to the upper and lower tails of the empirical distribution, even 
for small n. 

The results are reported in Table 1. In the case of six test func- 
tions, there is relatively little change in the chi-square statistics as we 
change the variance elasticities when the drift is nonlinear. This is not 
surprising, since we know that with a flexible enough specification 
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Figure 4 
Federal funds pull (tt/2a ) estimates with two standard error bands for the nonlinear drift 
parameterization and local variance elasticities y -1, 4. Standard error bands are based on 
spectral density estimates that were calculated as weighted averages of autocovariances using a 
Bartlett window that included 60 time lags. 

of the drift, we can match an arbitrary stationary density. When the 
drift is constrained to be linear, there is evidence against the highest. 
variance elasticities of five and six. When we expand the number of 
test functions to eight, we find that sign restrictions on the parameter 
estimates are binding for all variance elasticities. Thus the reference to 
the chi-square distribution in the table heading is particularly mislead- 
ing in this case. Instead, following Wolak (1991), upper bounds on 
the probability values may be deduced from chi-square distributions 
with additional degrees of freedom (corresponding to the additional 
constraints that are imposed). Taking this into account, there is little 
evidence against the nonlinear drift model, except possibly for the 
highest variance elasticities.15 As before, the linear drift specification 
is implausible for the two highest volatility elasticities. 

15 While our six test function results were robust to increasing the number of time-domain lags in 
the Bartlett window, the same was not true for the eight test function results. Using eight test 
functions and a nonlinear specification of the drift, we found that when more time lags were 
added to our spectral density estimate, the resulting test statistics declined significantly. 

545 



The Review of Financial Studies / v 10 n 3 1997 

Table 1 
Chi-square statistics for specification testing 

6 test functions 6 test functions 8 test functions 8 test functions 

y nonlin. (: X2(2) linear : X2(4) nonlin. ti: X2(4) linear ,u: X2(6) 

0 4.12 6.18 8.47 o o 11.98 
1 4.14 4.82 9.010 9.10 
2 4.21 5.72 9.33* 10.50 
3 4.35 7.18 10.04 * * 14.42 
4 4.60 6.13* 11.92 * * 11.98* 
5 4.75 18.62* 9.13 * * 26.45* 
6 4.63* 38.76* 10.07* 50.76* 

GMM criterion function estimates for linear and nonlinear drift specifications 
using federal funds data. The columns labeled "nonlin. .t" contain the chi-square 
statistics for the four-parameter nonlinear drift model, and columns labeled "linear 
A" contain the chi-square statistics for the two-parameter linear drift model. The 
numbers in x2(_) give the degrees of freedom for the chi-square statistics. The 
symbols * and o indicate that a parameter constraint is binding on the lowest 
and highest power terms of the drift, respectively. Multiple symbols indicate that 
multiple terms are constrained. Weighting matrices were calculated as weighted 
averages of autocovariances using a Bartlett window that included 60 time lags. 
We iterated on the weighting matrix four times starting from an identity matrix. 

5. A Local Model of the Drift 

As an alternative way to obtain a flexible model of the drift, we may 
localize our parameterization of the drift through our choice of test 
functions. Suppose the drift is twice continuously differentiable in the 
Markov state. We exploit this smoothness by using a linear parame- 
terization for the drift locally centered at each hypothetical state x: 

M(Y) ao + 0a1(y-x) 

Implicit in this notation is that ao = g(x) and a1 = ,W'(x). We estimate 
a different value of ao0 and at for each value of the Markov state x. 

For a globally linear parameterization, we previously showed that 
the efficient test functions have first derivatives given by 2/u 2(y) and 
2(y- x)/a2(y). As described earlier, we make the linear parameter- 
ization of ,t(y) local at x by multiplying two linear combinations of 
these derivatives by a kernel density K with compact support, eval- 
uated at (y - x)/a. Specifically, we use a pair of test functions with 
derivatives given by the vector '(y; S): 

a~ ~~ (y )=5(y) [Y-x]K( ) 

Thus the density K((y - x)/8)/8 is centered at x and a is a dispersion 
parameter. Using Equation (10) and substituting the local approxima- 
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tion for the drift, we have that 

E [4'(Yj; 8)[1 Yax]D(S)a ?- 
72(yj)4I1(y.; 

8) 0 (15) 

where a = [ao all* and D(a) = diagil, 8}. Relation (15) gives us two 
moment conditions that are linear in the two unknown parameters a0 
and at1. The presence of the approximation error leads to a bias term 
in our local linear estimator of the drift, the magnitude of which is 
dictated by our choice of 8 and, for a kernel K with compact support, 
the size of the second derivative of It in the vicinity of x. Our local 
linear estimator of the drift coefficient vector ca is 

aT = -{D(8T) 1AT UT 

where 

AT = E. EV(Yj; 8T)[1 y-j 

and 

UT = 2T E a (yo)r j(y1; 8T) 

for some specification of 8T- 

The kernel we use in our implementation is 

K(z) a j(Z2_ 1)2 for IzI < 1 
0 
O otherwise 

This estimation method is most likely related to that of Banon (1978). 
Banon's method uses a kernel estimator of the stationary density to 
build a nonparametric estimator of the drift for a given specification 
of the local variance. His method can be viewed as adopting a "lo- 
cally constant" estimator of the drift coefficient. Banon's estimator pre- 
sumed the existence of a continuous record of data. Like Ait-Sahalia 
(1996a), our method is modified to accommodate discrete-time data.16 
By using a locally linear parameterization we are following the proce- 
dures developed by Stone (1977), Fan (1993), Fan and Gijbels (1992), 
and Fan and Masry (1994) for estimating conditional expectation func- 
tions. Although our primary interest is in estimating at0 for each x, we 
include the additional slope term in hopes that we will improve the 

16 In contrast to Banon (1978), Ait-Sahalia's (1996a) method uses the density estimator to obtain a 
nonparametric estimator of the diffusion coefficient given the drift. 
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performance of the estimator near the edges of the state space, or 
more generally in places where the data are sparse.17 

We show in Appendix D that TS/D(ST)(aT- al) has a normal 

limiting distribution provided T3T diverges and T8T converges. The 
bias in the linear approximation vanishes if T87 converges to zero. 
As we also show in Appendix D, when the probability that i, = 0 is 
zero, shrinking 8 eliminates serial correlation. This is a familiar result 
for local nonparametric methods applied to weakly dependent data 
[e.g., Robinson (1983)]. It has the implication that serial correlation can 
be ignored when estimating the asymptotic covariance matrix of our 
locally linear estimator. Although theoretically correct, the practice of 
ignoring serial correlation is not likely to work well for the tempo- 
ral dependence present in our short-term interest rate data.18 For this 
reason, we also calculate the time-series version of M-estimation stan- 
dard errors as in Hansen (1982).19 The resulting statistical inferences 
are based on a normal approximation with a bivariate covariance ma- 
tri 1D(8T)-1ATl VT(A*)-1D(3T)Y1, where the matrix VT is equal to a 
sample spectral density matrix at frequency zero (a " long-run" sample 
covariance matrix) for the time series { Yj, T where 

YyjT = V (YJ; T)1 1 T J\DOT)aT + 2 a Sj;8T) 

5.1 Estimation results 
To check the robustness of our previous results, we apply the local 
linear estimation method to the federal funds data. We initially report 
results for the case where the dispersion parameter 3 equals 3 and for 
two benchmark specifications of the variance elasticity: y = 1, 4. The 
first specification was chosen because of the popularity of the Feller 
square-root model of short-term interest rates. The second one is of 
interest because it is the largest variance elasticity that generates a 
reasonable looking density under the previous parameterization. For 
both values of the parameters we compare the local linear estimates 
of our measure ,/(2a2) of pull to our previous estimates. 

The y = 1 estimates and standard error bands are reported in Fig- 
ure 5. The solid line depicts our local linear estimate and the dashed 

17 In Appendix D we show that in contrast to a locally constant parameterization, the bias depends 
only on pt" and not on other features of the stationary density. This is analogous to the advantages 
of locally linear over locally constant parameterizations of a regression function [see Fan (1993)1. 

18 More generally, Robinson (1983) argues that theoretical 'results of this kind are not to be taken 
too seriously."? 

19 While this approach is analogous to the usual corrections for serial -correlation, Hansen (1982) 
does not provide a formal justification for local parameterizations. 
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Figure 5 
Local linear and series pull (A,1a2ar2 estimates using federal funds data for local elasticity power 
y = 1. Circles are two standard error bands imposing the asymptotic result that serial dependence 
is negligible. Pluses are two Kstandard error bands using spectral density estimates. Spectral density 
estimates were calculated as weighted aver-ages of autocovsariances using a Bartlett window that 
included 60 time lags. 

line our previous four-term series estimates, As expected, the stan- 
dard errors computed ignoring serial correlation (circles) give the ap- 
pearance of much more precision than the ones computed with the 
long-run sample covariance matrix (pluses). Our global series estimate 
looks like a smoothed version of the locally linear one. Moreover, the 
smoothed version looks plausible if we consider the standard errors 
that correct for serial correlation, except possibly at very high interest 
rates (in excess of 19%). Since there are relatively few interest rate 
observations of such magnitude, the locally linear estimates may well 
be even less precise than what is indicated by the -standard errors. 
The senies estimates exploit the global functional form, and hence 
extrapolate from sample information elsewhere in the interest rate 
distribution. 

In Figures 6 and 7 we report local linear estimates f1r y = 4. 
Recall that s dictates the size of the fneighborhood" to which the local 
approximation is meant to apply. Figure 6 depicts the ra 3 results 
and Figure 7 the corresponding s d 6 estimates. Again we include 

549 



The Review of Financial Studies /v 10 n 3 199 7 

- - Series 

I ~~~~~~~~~~~~~~Local 
0.75 0 lIDSE 

+ TS SE 

0.5 ... ....---.------- 

0.25 
+~~~~~~ 

, + w + + , :~~~~~+ 

-0.25 
0 2 4 6 8 10 12 14 16 18 20 

Interest Rate (% per annum) 

Figure 6 
Local linear and sieries pull (,u/2r2) estimates using federal fundsi data for local variance elasticity 
y = 4. Circles are two standard erro)r bands imposing the asymptotic result that serial dependence 
is negligible. Pluses are two standard error bands using spectral density eestimates. Spectral density 
estimates were calculated as weighted averages of autocovariances using a Bartlett window that 
included 60 time lags. 

the series estimates as a benchmark. In comparing the series and the 
local linear estimates for y = 4, three differences emerge. First, the 
series estimate has a left (small interest rate) hump that is possibly 
spurious and not evident in the locally linear estimates. Second, as 
before, the series and locally linear estimates diverge for very large 
interest rates. Finally, in Figure 7 (8 = 6) the locally linear estimates 
detect a hump in the vicinity of 15% interest rates not present in the 
series estimates. In comparing this figure to Figure 6 (3$ = 3), we 
see that the single hump in Figure 7 results from smoothing over 
two apparent humps in Figure 6. Even the single hump only appears 
significant when we abstract from serial correlation. Both the series 
and the locally linear estimates show Brownian motionlike behavior 
for interest rates between 10% and 18%. In summary, our four-term 
series parameterization of the drift does not seem overly restrictive 
with the proviso that the pull measure beyond interest rates of 19% is 
sensitive to the extrapolation technique. 
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Figure 7 
Local linear and series pull (l/2or2) estimates using federal funds data for local variance elasticity 
y = 4. Circles are two standard error bands imposing the asymptotic result that serial dependence 
is negligible. Pluses are two standard error bands using spectral density estimates. Spectral density 
estimates were calculated as weighted averages of autocovariances using a Bartlett window that 
included 60 time lags. 

6. Identifying the Volatility Elasticity 

So far we have demonstrated how to identify and estimate the drift for 
a prespecified volatility elasticity using the stationary distribution of 
the data. We now show how to estimate the volatility elasticity using 
first differences of the data. A feature of constant variance elasticity 
models is that the variance can be arbitrarily small for small interest 
rates. For instance, the ratio jt/(2a 2) used in our hitting time correc- 

tions gets arbitrarily large for small interest rates. When measuring 

volatility, drift corrections appear to be particularly important when 

the diffusion coefficient is not bounded away from zero.20 We show 

how to identify the variance elasticity while allowing for the presence 

20 Some other econometric and statistical methods for measuring volatility, such as those suggested 
by Florens-Zmirou (1992) and Genot-Catalot and Jacod (1993), abstract from drift corrections 
when looking at the squared first differences in the time-series data and hence are not well suited 
for our estimation problem. 
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of subordination and a flexible model of the drift using test functions 
that depend on first differences.21 

Consider a smooth and bounded test function 4f with the property 
that pv(u) =_tf(u - v) and 4u(v) =,fr(u - v) are both in the domain 
of the generator, for all v and u. Stationary scalar diffusions with 
barriers that are not attracting are reversible. Following Hansen and 
Scheinkman (1995) we exploit the idea that under reversibility 

E[bt(xt - x5)] = E[Vf(xs - Xt)]. 

In other words, the distribution of {xt-xsI has to be symmetric around 
zero. In Appendix E we use an argument of Tom Kurtz to provide 
conditions under which the right derivatives with respect to t (t > s) 
of both sides of this equation exist and can be calculated by apply- 
ing A to qv(xt) and to qu(xt), replacing v and u by x5, and taking 

expectations:22 

- 
1 + r o2 (Xt) *If"(Xt _ X5) E[-E(xt) (x)xt- (xs) + 2 Xt)s?6(xt)(s X) 

= Ef-,U(Xt)f t(Xs-Xt) a 2 a(Xt) *,,(X 
_ Xt)]- 16 

(See Appendix E for a more complete justification.) Since the incre- 
ment process {Zt} is independent of {xt} and since the moment con- 
dition in Equation (16) is applicable for all t > s, it also applies to the 
discrete-time subordinated process {yj}: 

E[Iyj+l ) I*'(yj+ - yj) + *'(yj -yj+ ) (17) 

+ 2u2(yj+?)tt"(yIj+1-_ yj) (yj +_}] = O. 

Although subordination can alter the distribution of first differences,. 
including fattening the tails as in Clark (1973), this distribution is still 
implied to be symmetric. Moreover, as reflected by Equation (17), test 
functions of first differences can reveal information about the volatility 
elasticity. 

Since we have not characterized the efficient test functions of first 
differences, we take our test functions *l to be cumulative normal 
distribution functions with different centerings and dispersions. Thus 

21 Foster and Nelson (1996) propose and analyze methods for estimating volatility as a function of 

calendar time. When the directing process T/ = ft z, dt, their methods are aimed at measuring 
the local variance given by Kz(yQ)Y in our setup from nearby (in calendar time) squared first 
differences. Again, drift corrections would seem to be vital for small interest rates. 

22 The argument can be extended to test functions lr: JR2 JR by using the fact that E[*k(x,, x,)I = 

Eb*f(x,, x,)l under stationarity and reversibility. Hansen and Scheinkman (1995) established the 
analogous result to moment condition (16) for functions: f(u, v) = +(u)+*(v. 
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Equation (17) becomes 

E [I(yj+1) 1 P' (Yi+ -Y -1 ) + , (Yj-Yj+v17) I 

_12 1 (YJ+1 -yj_n) f (Yj+i-Yi-17 Y (Y-Y+-)' YYj-)] 

-0. 

(18) 
Notice that the moment condition looks simultaneously at first differ- 
ences in the data in the vicinity of both r, and -il. Thus, in selecting 
centerings for test functions of the first differences of the data, it suf- 
fices to concentrate on nonnegative choices of i7. 

6.1 Test functions 
We use cumulative normal test functions for moment condition (17). 
We construct two such functions by imitating the strategy used for 
levels test functions. Specifically, we form the .5 quantile ((1) and 
the .92 quantile (2) from the empirical distribution of {Iyj+1 - y1l1. 
The derivative of the first test function is centered at 0 and has a 
standard deviation given by ((1). The derivative of the second test 
function is then centered at {I(2) + (1)}/2 with a standard deviation 
of [((2) - ((1)]/2. These test function derivatives are presented for 
federal funds data in Figure 8. Notice that the empirical distributions 
of first differences have a great deal of mass near zero and relatively 
fat tails. Thus, the two test functions are aimed at these two types of 
first differences: one has most of its mass near zero and the other is 
more spread out, covering the larger first differences. Even with the 
more disperse test function, the large first-difference outliers in the 
federal funds data are downweighted substantially. 

6.2 Two-step GMM estimation 
One way to estimate the variance elasticity is to minimize a GMM 
criterion function based on the combined set of moment conditions 
constructed from level and difference test functions, whereby the vari- 
ance elasticity is treated as an unknown parameter to be estimated 
along with the drift parameters. To facilitate the interpretation of the 
GMM test statistics, we use a two-step procedure in which we use 
our previously described estimators of the drift from Section 4 as a 
function of the variance elasticity y and plug them into the moment 
conditions (17) formed from test functions of first differences to esti- 
mate y. This two-step method adjusts for the initial estimation of the 
drift. We implement this approach using our global four-parameter 
model of the drift. 

Let c be used for a hypothetical value of the variance elasticity and, 
as before, use a as a hypothetical parameter vector for the drift. Let Jj 
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Figure 8 
Derivatives of test function constructed from first differences of interest rates and background 
histograms of first differences. The derivatives of test functions integrate to 1/2 and the histograms 
integrate to 1. 

denote the random function being averaged in Equation (13), viewed 
as a function of both a and c. In other words, these are the random 
functions constructed from test functions of interest rate levels. Let gj 
denote the vector random function based on Equation (18) using test 
functions of first differences in interest rates. These moment conditions 
are included in hopes of extracting sample information about the 
variance elasticity. The random function gj also depends on both a 
and c and the dependence on a is linear. 

Write the first-stage estimator as 

aT(c)-arg min 1 4 E f(a C)) [ ]1 ( i (a, C) 

where we have now made explicit the dependence of the drift esti- 
mate on the specified variance elasticity c. Let VO be the asymptotic 
covariance matrix for 1(1/17) LJ=j1 J(c, y)}. Consider now estimat- 
ing the variance elasticity parameter y using the moment conditions 
built from test functions of first differences of the data. As is stan- 
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dard in two-step estimation problems, we have to account for the 
impact of the first-stage estimation on the second set of moment con- 
ditions [e.g., see Durbin (1970)]. The random functions fj and gj are 
affine in a: 

fj(a, c) = f (c)a + ]J(c) 

gj(a, c) = a + gj(c). 

It follows from Hansen (1982) that 

gJ>(^T(Y), Y) J SeL[gj(a, y) - Aoj](a, y)], 

where 

Ao _= E[ijl (E[fj(y)* I Vo- E[fj(y)]) - E[fj (y)*] Vol 

Notice that this approximation includes the usual correction term for 
first-stage estimation of a. Let W0 be the asymptotic covariance ma- 
trix for {(1/07) Uk EJ=Lgj(, y) - Aof/(Qx, y)]} and WT be a consistent 
estimator of Wo. Then the two-step GMM estimator of y is given by 

CT = argmin >; gj(aT(c), C)) w gj(aT (c) c)) 

6.3 Updating the weighting matrix as a function of the 
variance parameter 

The GMM estimators just described require a consistent estimator of 
Wo for asymptotic efficiency. One way to accomplish this is to use an 
initial consistent estimator of y, say CT, and then to use an estimator of 
the spectral density at frequency zero constructed from the time series 

{gj(aT(AT), CT) - ATIj(aT(ET), CT): j = 1, 2,..., T} as in Newey and 
West (1987) and Andrews (1991). The estimate AT of Ao is given by 

A = ) [(T ? T) T T ( 

X ( gT E J) VT E 

where VT is a sample spectral density estimator from the time se- 
ries {%J(aT(=T), CT): ] = 1, 2,..., T}. Recall that the parameter esti- 
mate of the local mean is easy to compute for a given value of the 
variance parameter. For each hypothetical variance parameter c we 
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obtain the estimator aT(c). We then form WT(C) by estimating the 
spectral density at frequency zero from the time series {Jg(aT(C), c) - 

AT(c)Ij(aT(c), C): j = 1, 2,..., TI. The sample estimator AT now 
depends on c because the time series {Ifj(aT(c), c): j = 1, 2, ..., T} 
is used to build the sample spectral density estimator VT. This is re- 
peated for each admissible value of c and the resulting criterion is 
plotted. With this procedure, we use different weighting matrices for 
each choice of c. The minimized value of the criterion still has an 
asymptotic chi-square distribution with degrees of freedom given by 
the number of overidentifying restrictions. Confidence sets for c can 
be inferred from this function by comparing the criterion function at 
hypothetical values of c minus the minimized value to critical values 
inferred from a chi-square one distribution. An alternative method is 
to compare the criterion directly to the chi-square two distribution 
without subtracting off the minimum value. Stock and Wright (1995) 
recommend this second approach for poorly identified models. 

Our choice of updating the weighting matrix as a function of the 
variance parameter c is motivated in part by the Monte Carlo evidence 
reported in Hansen, Heaton, and Yaron (1996). In a different esti- 
mation environment, this latter article documents advantages to con- 
tinuously updating the weighting matrix, especially when criterion- 
function-based inferences are made about the parameter of interest. 

6.4 Volatility elasticity estimation 
Next we consider two-step estimation results. The GMM criterion func- 
tion for variance elasticity estimation using federal funds data is de- 
picted by the solid line of Figure 9. For each value of c = y, the 
limiting distribution of the criterion is chi-square with two degrees of 
freedom. A 90% confidence set is given by the region below a horizon 
line drawn at 4.6, and 95% is given by the corresponding region be- 
low 6. Thus, variance elasticities around three to four are much more 
plausible than small ones and very large ones. The dashed and dot- 
ted lines in Figure 9 give the GMM criterion functions using each of 
the two test functions separately so that we might gauge the relative 
contributions of each. These criterion functions will have a limiting 
chi-square distribution with only one degree of freedom. We see that 
the narrow test function adds little relative to the wide test function. 

7. Concluding Remarks 

In this article we used the constant volatility elasticity parameterization 
of the diffusion coefficient to interpret federal funds interest rate data. 
We allowed for the possibility that our data are generated through an 
unobservable sampling process that is independent of the underlying 
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Figure 9 
Federal funds GMM criterion functions for two-step estimation of the nonlinear drift specification. 
The curves are the GMM criteria as a function of the local variance elasticity y after concentrating 
out drift estimates. Weighting matrices were calculated using Bartlett spectral density estimators 
that included 60 time lags. 

diffusion, and we permitted the drift to be nonlinear in the state. 
We proposed and implemented two estimation methods for the drift 
that are applicable for constant variance elasticity models, and a two- 
step method for estimating volatility elasticities in the presence of 
subordination.23 

Using federal funds data, we found that volatility elasticities be- 
tween one and one-half and two (variance elasticities between three 
and four) give reasonable looking stationary densities and at the same 

23 We treated the stationary scalar diffusion process as the target process of the empirical exercise and 
make no attempt to characterize the "sampling process." Of course the "sampling" or "directing 
process" is of considerable interest in its own right, but our empirical investigation provides no 
direct information about it. To extract this information requires other methods and/or data. For 
examples of empirical implementations of models with time deformation that do characterize the 
sample process, see Tauchen and Pitts (1983), Harris (1987), Stock (1988), and Ghysels and Jasiak 
(1995). 
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time are consistent with the behavior of first differences of short-term 
interest rates.24 Although we modeled the interest rate process as sta- 
tionary, we found very little pull to the center of the distribution except 
when rates are small. Thus, for high interest rates, we find that the 
stationarity is primarily volatility induced. 

While we find high volatility elasticity models hard to dismiss em- 
pirically, perhaps there are other perverse implications of these mod- 
els that our estimation method is missing. A feature of high volatility 
elasticity models is that extremely large interest rate movements are 
likely to occur when interest rates are high. In fact, it is precisely this 
mechanism that induces stationarity for our fitted models of short- 
term interest rates. Among other things, the potential for fat-tailed 
distributions of interest rate differences may undermine the quality of 
statistical inferences based on large sample approximations. Assessing 
the finite-sample performance of estimation methods such as ours is 
an important topic for future research.25 

Appendix A: Geometric Ergodicity 

In this appendix we present sufficient conditions for geometric er- 
godicity. Geometric ergodicity is a convenient sufficient condition for 
justifying a variety of large sample approximations. It guarantees that 
autocorrelations of time-invariant functions of the data decay geomet- 
rically [see Rosenblatt (1969)]. 

A.1 Restrictions on the original diffusion 
Geometric ergodicity in continuous time requires that there exists a 
positive X such that 

var(E[q5(Xt) l SO) < exp(-2X t)var[ (xO) ) 

for any (Borel measurable) function 0 of the Markov state for which 
q(xt) has a finite second moment and any t > 0. We use the follow- 

24 When we applied these same estimation methods to one-month Treasury bills, we were unable 
to find evidence against smaller volatility elasticities including an elasticity of one-half. Thus these 
Treasury-bill results are not in conflict with one of the main findings of Andersen and Lund's 
(1997) study. They used a tightly parameterized, multivariate diffusion model of the short-term 
interest rate and estimated a volatility elasticity close to one-half. 

25 This topic is important for another reason. There are discrepancies between some of our results 
and those reported in concurrent work by Ait-Sahalia (1996b). Ait-Sahalia used alternative econo- 
metric methods that exploit similar identifying information. He argued that a more complicated 
specification of the diffusion coefficient is needed to fit the implied stationary density. In contrast, 
we claimed that our drift specification if flexible enough to adapt to a wide range of volatility 
elasticities and still match the stationary density. This tension in results may be due in part to data 
differences. However, it is an open question as to which, if either, large sample inference method 
is reliable in practice. 
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ing sufficient condition for geometric ergodicity of {xt} deduced by 
Hansen and Scheinkman (1995). 

Assumption 4. 7he following two boundary conditions are satisfied: 

(i) limx/+oo2 - 2g(.I) exists (possibly infinite) and is not zero; 

(ii) limX\O 2x-1 _ t(x2) exists (possibly infinite) and is not zero. 

If ,t//a converges to a constant for large values of the Markov state, 
Assumption 4 (i) is satisfied provided that the volatility elasticity y 
exceeds two. In this case the integral in (7) is finite and hence station- 
arity is volatility induced. This shows one way to build geometrically 
ergodic processes for which stationarity is volatility induced. 

A.2 Restrictions on the directing process 
To obtain ergodicity results for the subordinated process {yj}, we also 
must restrict {ij}: 

Assumption 5. E[exp(-trj)] < bOi for some 0 < 0 < 1 and some 
b > 0. 

One sufficient condition for this assumption is that the support of r - 

Trjl be bounded away from zero. An alternative sufficient condition 
for Assumption 5 is as follows. Extend the stationary process I -rj - 
to the negative integers. Let go be the sigma algebra generated by 

Tj- T_l for j < 0. Assume that given r, there exists a sufficiently large 
k such that 

IE[exp(-(Tk - Tk-1)) - 0O10]1 <I (Al) 

almost surely, where 0 < 1 is the mean of the random variable 

exp(-(rj-rj- _)). For instance, this restriction is satisfied when {Ir - 

-rj1} is uniform (q) mixing and T-j-_ is different from zero with pos- 
itive probability. In addition, periodic behavior can be accommodated 
by allowing the 0-mixing coefficients to converge to 1 - instead of 

zero, where p is the periodicity of the process [see Bradley (1986)]. 
It follows from (Al) that we can dominate the conditional expec- 

tation E[exp(-(Tk - rk-1))10] by 0 + rl almost surely. We choose the 
uniform approximation error q so that the sum 0 + ij < 1. For j > kt 

E[exp(--T)Ig0] = E [exp (- (Tm - imr-)) 150] 

< E exp - (Tkm - Tkm-1)) 1]0 < (0 + 1) 
m=5 
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A.2.1 Subordination via a diffusion. Finally, suppose that {rj} is 
constructed from {zt} via Equation (8). Suppose that {Zt} is a station- 
ary scalar diffusion on [0, oo), with a finite second moment and 0 not 
attracting. Further suppose that drift and diffusion coefficients are con- 
tinuous and the drift is positive at zero. Following Runolfsson (1994), 
construct the semigroup 

KCt1(u) = E [exp (-f z5 ds) 0(zt)Iz. = ul, 

although we take the domain of this semigroup to be the space of 
functions with a finite second moment under the stationary distribu- 
tion for {Ztl. The generator for this semigroup is Bq3(u) = L30(u) - 
uq$(u) where B is the generator for the process {ztl. The domain of B3 
includes any function 0 in the domain of B for which E[z202 (zt)] < ?X. 
Let 0q(h) = ;exp(-Ou) for 0 < u < 1 and equal to ;exp(-Ox) for 
some real number X for u > 2. We construct q in (1, 2) so that the 
resulting function is twice continuously differentiable. Both ; and 0 
are positive, and the scale factor ; is chosen so that q > 1. By the 
results in Hansen, Scheinkman, and Touzi (1996), 0 is in the domain 
of B and hence B. Moreover, it can be verified that for sufficiently 
small 0, there exists an r, > 0 such that 

B1 U<(u) < 

As in Runolfsson (1994), 

E [exp (- f z5 ds) Izo] < E[PCtq(zo)] < exp(-i7t)E[q(zo)I (A2) 

(see the second part of the proof of Theorem 3.1). 
Periodic behavior may be accommodated by extending the state 

space so that the resulting process is a multivariate diffusion. We now 
sketch how our previous analysis may be extended to cases in which 
{Zt} is the first component of a stationary, multivariate diffusion with 
time t state vector wt. The semigroup is now 

KCto(v) = E exp (-j z5 ds) q(wt)I we = vi. 

Partition v = [u, v2, and let 7r be the first component of the drift and 
w the one-one component of the covariance matrix. We assume that 
7r(u,.) and c(u,.) are bounded for each u > 0 and 7r(0,-) > e > 
0 for some E. We may now repeat the previous construction of an 
appropriate 0 to establish the inequality analogous to (A2). 
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Appendix B: Central Limit Approximations for the Sampled 
Process 

In this appendix we verify that under subordination, if Assumptions 3, 
4, and 5 are satisfied, we can justify central limit approximations for 
the sampled process. 

Since {xt} and 17 - ljil} are stationary processes, they can be 
extended backward in time. Let Ft be the sigma algebra generated by 
{xs: s < t}, g0 be the sigma algebra generated by t1j - Ty_: j < 0), 
Q0 be the sigma algebra generated by the entire increment process 
Irj- 1i } and 7Hj = FT v90. Construct a subspace Z of the collection 
of Borel measurable functions mapping 0: R -+ R: 

Z -{: E[k(xt)21 < xc, E[q(xt)] = 01. 

We let libl denote the norm (E[b2])1/2. 
We first establish that 

oo 

E 11E[O(yj)1-Ho]l1 < bllo(yo)11, (131) 
j=O 

where b is independent of 0 E Z. The existence of a common b 
will not be needed for the central limit approximations established in 
this appendix or be referred to in Section 4. It will, however, prove 
useful in our large sample justification for the locally linear estimator 
of the drift. Notice that under Assumptions 3 and 4, it follows that 
there exists a X > 0 such that 

E[E[q(yj) <HoI2 I 00] < exp (-2i7 j) E[q (xo) 2 1 gc] 

< exp(-2Xi9j)114(yO) 112 

and hence that 

E[E[O (j) 1 Ho]2] < E[exp(-2X Tj)]11O(yO) 112 . 

Therefore, 

00 00 

E 11E[II(yj) 1Hio]I l ' {E[exp(-2Xrj)) 11/2 110 (Yo) 11 
j=O j=O 

By Jensen's inequality we have 

{E[exp(-2X-r )]} 1/2 < {E[exp(- T )]}min{X 1/2}* 

Hence, by Assumption 5, relation (Bi) is satisfied for some b. 
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B.1 Central limit approximation 
We may use this relation to obtain a central limit theorem via a mar- 
tingale approximation for the sampled process. As in Hall and Heyde 
(1980, chap. 5), the basic idea is to use the decomposition 

00 

5(yj) = E{E[4(Ym)LHXj - E[kk(Ym)I'Hj-]1] - ej+l + ej, (B2) 
m=j 

where 
00 

ej= El i {E[O(ym)Iji]j}. 
m=j+1 

The terms in the infinite series in Equation (B2) are each martingale 
differences, and so we have a martingale difference approximation 
of the original process if (B1) holds. In that case, partial sums of the 
martingale difference scaled by the square root of the sample size, and 
hence {(1/A/7) ELJ=1[0(yj)I}, will have a limiting normal distribution 
with mean zero. 

Appendix C: Efficient Estimation 

In this appendix we describe the optimal choice of test functions 
for estimation of a parametric model of the infinitesimal generator. 
The efficiency problem studied is a constrained one in that the only 
information used is that contained in the empirical distribution of 
the data. For simplicity, we begin with the case in which there is a 
continuous record of data. We then show how to extend this result 
to accommodate discrete sampling. For square-integrable functions q 
and lr write E[O(xt) *t(xt)] = (fI40). 

C.1 Continuous record 
Let Aa denote the parameterized family of generators, with A0 be- 
ing the true generator. From Bhattacharya (1982) and Hansen and 
Scheinkman (1995), it is known that 

1 fT 
1 oT - 

Ao(xt) dt = J(0, -2(A0010)). 

Let qa denote the implied parameterization of the stationary density, 
and let 

do-aqolaa = 

qo 

denote the score for this process. 
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Assumption 6. do E L ) 

The domain 'Da of each generator Aa varies with a. However, for 
parameterizations such as the one considered in this article, where 
for each a, the corresponding stochastic process is a time-reversible 
diffusion with a continuous drift and a nonzero continuous diffusion 
coefficient, the domains have a "large" common intersection. In fact, 
if C2 denotes the set of all twice continuously differentiable functions 
with a compact support in (0, oo), and La is the operator in c2 given 
by 

LaOb = 'aO+ 2-a 

then XAa is the closure of La [e.g., see Hansen, Scheinkman, and Touzi 
(1996)]. For each 0 E C2 

J (Aa(t)(x)qa(x) dx = 0. (Cl) 

Imagine using the sample counterpart of this moment condition to 
estimate the parameter value. Thus form aT by solving 

TAa(xt) dt = 0 

for a. We index the resulting estimator by the choice of test function 
used in constructing it. We now study the statistical efficiency of the 
resulting class of test function estimators. 

First we deduce the limiting distribution for each test function esti- 
mator. Differentiating Equation (Cl) with respect to a, using the fact 
that the derivative of the integrand with respect to a is a continuously 
differentiable function with compact support, and that a is indepen- 
dent of a, yields 

J L(Ao() (x) + Aooq(x) do(x)] qo(x) dx = 0, 

or 

|aAa (x)oI(x) qo(x) dx =-| Ao(x) do(x)qo(x) dx. 

aa 
From Hansen (1982) the asymptotic variance of the resulting param- 
eter estimator aT is 

ViaTX X(0, -2(Ao0>) 
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We define an efficiency bound for a test function estimator via 

-_2(__O_ _ , -2(4oOI0) 
I= inf - inf 

-DEo (A4o jdo2 ) ECK (Ao0 j)2 

Assumption 7. do E Do. 

C.2 Comparison with QMLE 
When Assumption 7 is satisfied, 

-2 

(Aodo4d) 

When the data sample is i.i.d., maximum likelihood is asymptotically 
efficient, and hence the corresponding bound is 

1 

(do Ido) 

The temporal dependence in the data alters the efficiency bound by 
introducing the generator into the computation. Application of (quasi) 
maximum likelihood to a continuous record sample from a diffusion 
has an efficiency given by 

-2(doIA4ldo) -2 

(41do)2 (AodoIdo) 

In other words quasi-maximum likelihood is not asymptotically effi- 
cient among the class of test function estimators. The efficient moment 
condition to use in estimation is 

E[Aoodo] = 0, 

whereas in the i.i.d. context it is 

E[do1 = O 

corresponding to the first-order conditions from maximum likelihood. 

C.3 Parameter-dependent test functions 
Although our efficiency calculation did not include the possibility that 
test functions can depend on the unknown parameters, the efficiency 
bound is unaltered if this dependence is introduced. To attain the 
efficiency bound, it is most convenient to view da as a parameter- 
dependent test function. Hence we construct the following function 
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of the data: 

12 f(y; a) = Ika(Y)da(y) + 2a (y)da'(y) 

for hypothetical parameter value a. For multidimensional parameter- 
izations, we build a vector of such functions, one for each score vari- 
able. 

For the parameterization used in this article a typical score has the 
form 

2yj+1 r x-Y+1 
da(Y) jy + J +___ qa_(x)_ 

and hence 

f (y; a) = 2ita(Y)y1-w + (I - y)yj-1 

It is not necessary to evaluate the integral f, j q(x) dx because 

any generator maps a constant function into zero. 
For the parameterization used in this article, we have an explicit 

formula for the stationary density up to scale. More generally, we may 
allow or to vary with a and we know that 

a log qa(y) 2,ka(Y) - (5)a(y) 
ay ora2 (y) 

As a consequence, we can evaluate 

da(y) = a [2oa(y)- 

and similarly for da. 

C.4 Discrete sampling 
Consider next the modifications to accommodate discrete sampling at 
a fixed interval, say h. It follows from Hansen and Scheinkman (1995) 
that the bound is given by 

_ f (Ao I (I + Tb) (I- Th) 1Ao) 
I = inf (AOd) ,OED (~~d~ 

where Tb is the one-period conditional expectation operator. When 
an efficient test function exists, it must satisfy 

(I + Th) (I- Tb)1 Aob OX da , 
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where qb is an efficient test function and where any nonzero propor- 
tionality constant works. Hence an efficient test function is 

1 
= A2 l(I+ Th)-Y (I- Th)do = (I + Th) (I- Th)A 1do. (C2) 

Implementation of this formula in practice is problematic, which is 
why we choose to use the continuous record calculation in practice. 
To see the relation between the two formulas for efficient test func- 
tions, take limits of Equation (C2) as the sample interval b declines to 
zero: 

lim-Xh =-2do. 
h\wO h 

Appendix D: Large Sample Behavior of the Local Linear Estimator 

In this appendix, we study the large sample approximation for the 
local linear estimator of the drift. For our analysis of the local lin- 
ear estimator of the drift, we will require a strengthened version of 
Assumption 4: 

Assumption 8. 7he following two boundary conditions are satisfied: 

Yy i-l 2___ - ?0 
(i) lim,/+00 Y2 xI2- = +00 

(ii lily\,o YX 2 -1 _ I2(X = _o 

We will also impose: 

Assumption 9. Pr{ll = 01 = 0. 

In other words, with probability one, "economic time" moves during 
a unit of calendar time. To simplify the notation of Section 6, write 

(Y)= 4(Y; 8T) and DT = D(T). Then 

DT(aT -a) = -A-' (UT + ATDTa) 

-A ( T E4AT(YI)) + AT BT, (Dl) 

where 

56 6 (Yi) [ r (I(yj) [1 RX-X] a)-K 
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Rescale Equation (D1) as 

TDT(aT- 0) = -A' [ 
T 

, A TA T (Yj ) + 8TT]B 

D.1 A uniform variance bound 
To justify a central limit approximation, we will need the following 
inequality relating the variance of the partial sums to the variance of 
the component in the presence of serial correlation: 

1T 
Y/;[O(yj)] < 4b110(yo)JI (D2) 

for X E Z =_ {: E[O(xt)2] < oo, E4[(xt)] = 0). Inequality (D2) follows 
from combining (B2) with (B1) and using the fact that in computing 
the norm of a sum of stationary martingale differences we may ignore 
cross-product terms. 

D.2 Convergence of AT 
We will establish that 

AT-+AOO=-Q2(X) fO u 2K(U) du1 (D3) 

in mean-square. First note that 

AT= T LTT(Yj) 
j=l 

for an appropriate TT, each entry of which has a finite second mo- 
ment under the stationary distribution for T sufficiently large. It is 
straightforward to show that E[TT(Yj)] converges to the right-hand 
side of Equation (D3). Next, a simple calculation shows that 

STE[trace{TT(yj)H] has a finite limit. 

Mean-square convergence follows from (D2), provided TST diverges 
to infinity. 

D.3 Bias 
Note that the bias term BT satisfies 

(b ) 1 [ 1 1 (Yj-X 1 _yj-_X 
RBTI T 

~2T) E a2(yj) Lj-5 1J 8T I'ST ( T 
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where b is a bound on the second derivative of ,u. Hence 

8 TBT < TT 
T TT(Yj) 

for an appropriate TT, each entry of which has a finite second moment 
under the stationary distribution for T sufficiently large. First, it is 
straightforward to show that E[TT(Yj)] converges to 

urn [TT()I -bq(x) [u2 -K~ lim E[TT(Yj)] = 2a-()J lI5 K(U) d U. T-+oo 2cT 2 (X)IIuI3J 

Next, a simple calculation shows that STE[ITT(Yj) 121 has a finite limit. 
Therefore, 

1TL bqJI 2a(x)ILu23( 
T j=T 2 (x) I [U3 k(u) du 

in mean square, provided that T8T diverges to infinity. Therefore, the 
bias will vanish as long as 

T(ST)7 -O 0. 

D.4 Central limit approximation 
The central limit approximation is obtained by studying the limiting 
behavior of 

I L ESTA\T (Yj)} 

We know the population mean is zero. Define cpT(Y) = A4T(Y), 
and write 

E T(Y;= 7 EMT,+ T LE[T(Y)IHj-11, (D4) 

where mT,j = (PT(Yj)-E[RT(Yj) I7Hj]-. Our aim is to apply a triangular 
array central limit theorem for martingale differences to establish the 
weak convergence of the first term on the right-hand side of Equation 
(D4). 
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D.4.1 Mean-square approximation of the martingale error. We 
show that 

1 T 

7 ELE['r(Yj) IHj-1 -+ 0 (D5) 

in mean-square. It is easy to verify that the sequences of coordinate 
functions of {I4TI converge weakly to zero in L2(Q). Further, Assump- 
tion 8 implies that the generator A has a discrete spectrum [e.g., see 
Hansen, Scheinkman, and Touzi (1996, Theorem 5.1)]. Hence the one- 
period conditional expectation operator has spectral representation 

cx 

EMO(yj)IHj-11 = exp(-Xi(rj -Tj_))E[0(yj)*i(yj)1*i(yj_1), 
i=O 

where the orthonormal sequence {1rj) consists of the eigenfunctions of 
the generator and {-Xi} is the (unbounded) sequence of eigenvalues 
of A ordered by their magnitude. Let qT be one of the coordinate 
functions of (T. Then 

lim E[T/(yj)] is finite 
T-*oo 

lim EkkT(yj)fr(yj)] = 0 for each i. 

Given 8 > 0, choose an N such that E[exp(-2XNT1)I < E. Such an N 
must exist, since XN -+ oo and Pr{rl = 0} (Assumption 9). Then 

IIE[ T (yj) jHj_1]112 

N-1 

< E E[exp(-2Xi(, - 1r>))I{E[ki(Yj)4T(y )11 + cE[4(yT)]. 
i=O 

Hence 

IIE[kT(yj)INIjl1II -* 0. 

Limit (D5) then follows from (D2). 

D.4.2 Asymptotic approximation of the sample second moment. 
We show that 

1 T 

T E 'DT (Yj)'4DT (Yj) 
j=l 

converges in mean-square. To construct a candidate limit point, we 
compute E[cIT(YJ)4T(yj)*I and take limits. To compute the expec- 
tations we decompose the random vector tT(Y) into three pieces. 
The first is the contribution of the drift and the logarithmic derivative 
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of the variance. The second one entails differentiating the constant 
and linear (multiplicative) components of the test functions. The third 
one entails differentiating the kernel itself. Only the second two terms 
contribute to the central limit approximation because 

J (v ) [1ax [gY)j (y) K2 (Y7 Yx)) q(y) dy 0, 

whereas 

2V( 1]K /y 
- X 

28T -l- ST 

and 

T K'y 
28T Ly-x] 8 

have nondegenerate second moments. Therefore 

lim E[kTV4] = A, 
T-*oo 

where 

A- = (x) r f KI(u)2 du f[uK(U)2 +Kf(u)K(u)] du- 
4q [uK'(u)2 +K'(u)K(u)] du f[K(u)+uK'(U)]2 du - 

By imitating our previous weak law arguments with ~VT = (PT?*, it 
follows that 

1T 

r - T(Yj)*DT(Yj) A 
j=l 

in mean-square. 

D.4.3 Applying a triangular array central limit theorem. Com- 

bining our two previous intermediate results, it follows that 

E MT mT = E[EmT,J(mTrj)*I -* A. 

Further from Cauchy-Schwartz and stationarity it follows that 

0E (Yj)l IE[ T(Yj)I'Hj-111 II?T(Yj)11 IIE[?T(Yj)lHj- 
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Hence 

1T 
T E mT,(mT,j) -+ A 

j=l 

in probability. Finally, we show that 

max. = .2. T 7mT,TMTJ 0 in probability (D6) 

E(maxj=1,2,...,T TmT,j12) is bounded in T. 

Since the kernel K has compact support, the random vector -4 T(Yj) 

has a uniform bound in j for T, and this bound converges to zero 

provided T83 -+ +oo. The same is true of E[kPT(yj)j7jj1I. There- 

fore, the relations of Equation (D6) hold. We can now apply the tri- 
angular array central limit theorem in Hall and Heyde (1980, p. 58, 
Theorem 3.2). 

D.5 Limit distribution 
Combining our limit results, we have shown that 

8TDT(aT - a) =} KV(0, A-1A(A f1) 

In the study of optimal bandwidth choice, it is desirable to have an 
explicit formula for the bias. Optimality requires that T87 converges 
to a constant h, and then the limiting bias shows up as the mean in 
the limiting normal distribution. Our previous bias calculation in Sec- 
tion D.3 can be refined to show that the limiting bias of the estimate 
of ,u(x) is bI (X) f u2K(u) du. Hence the bias depends only on the 
second derivative of the drift and not on other features of the station- 
ary distribution as it would in the case of a locally constant model of 
the drift. 

Appendix E: Derivation of Moment Conditions for Nonseparable 
Functions 

In this appendix we exposit an argument due to Tom Kurtz that allows 
us to generalize the moment conditions in Hansen and Scheinkman 
(1995) to a class of nonseparable functions. Let {xt} be a strictly station- 
ary, continuous-time, n-dimensional, vector Markov process defined 
on a probability space (Q, X, Pr), and Q be the probability measure 
induced on Rn by xt (for any t), L2(Q) be the space of all Borel 
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measurable functions 0: RIn -+ IR such that 

j02dQ < oo. 

Let A be the 12(Q) infinitesimal generator associated with {xt} and 
A* the adjoint of A, that is, the generator associated with the reverse 
time process xt* = x-t. Suppose */: R n x 1Rn -D R is such that 

(i) for each v E Rn, 1/J (, V) E 'D(A) is bounded and continuous, 
(ii) for each u E Rn, /r (U, ) E 'D(A*) is bounded and continuous, 

(iii) Aif (., v) is bounded and continuous, 
(iv) A* Vr(u, *) is bounded and continuous. 

Let t > s and E > 0. Since for each v E Rn, 4,l(, v) E 1D(A) we have 
that 

E[4r(xt+,, v)IFt] = 'f (xt, v) + E [ft v(xt, V) dt' st]t 

Since we assumed that both 4(., v) and, Aif/(-, v) are bounded and 
continuous, and xs is Ft-measurable: 

E[b(xt+6, x5)1FtI = *(xt, x5) + E [ AV (xt', x5) dt' Tt (El) 

Similarly 

E[r (xs ,+8) IFt*] = /f (xs, xt*) + E A*[ ,(x5, 4) dt' |t] . (E2) 

The law of iterated expectations and stationarity implies that the ex- 
pected value of the left-hand sides of Equations (El) and (E2) are 
identical and hence 

t+F t+E 

E + Aifr(xtt, x5) dt] = E [ A f f (x*, 4) dtj. 

Dividing by E, and letting E 0 we obtain: 

E[Ai/f(xt, xs)] = E[A*/ (xs, Xt4)]. (E3) 

For the case of interest in this article, in which xs is a nonnegative 
Markov process that solves Equation (1) in the introduction, with inac- 
cessible boundaries, we know that conditions (i) to (iv) above hold if 

* is a twice continuously differentiable, bounded function satisfying: 

(a) for each v E It+, gt(u)*1(u, v) + (l/2)a2(u)Wr1i(u, v) is continu- 
ous and bounded, 
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(b) for each v E lR+, a(u) 1(u, v) E L2(Q), 
(c) for each u E IR+, Ag(v)42(u, v)+(1/2)or2(v)V122(u, v) is continuous 

and bounded, 
(d) for each u E R+, a(v)f2(u, v) E ?2(Q), 

(e) for each v E R+, limn 1(u, v) = iflr(u, v) =0 
u-+O s(u) u-+oo s(u) 

if2( U, V) e,2( U, V) 
(f) for each U E +, lirn = urln 0. 

v-*O s(v) v-*oo s(v) 

Further, in this case, for each v E IR+ 

12 
Afr(u, v) = ,ut(U)*i(u, v) + 2a (u)fl/.i(u, v) 

and, for each u E IR+, 

12 
A*/(u, v) = gv)f2(u, v) + -a (v)f22(u, v). 

2 

Substituting these expressions in Equation (E3) and using the fact that 
stationarity and reversibility imply that E[A* f (xs , xt4)] = E[A* I (xs, xt)I 
we obtain Equation (16) in Section 6. 

Notice that for functions f (u, v) that can be expressed as 0(u)O*(v), 
we may replace the boundedness of / by /(-, v) E L2(Q), for each 
fixed v and 4(u,.) E ?2(Q), for each fixed u. Further, in Assump- 
tions (b) and (c) above we may also substitute square integrabil- 
ity with respect to Q for boundedness and continuity. This follows 
from the fact that, in the separable case, Equation (E3) holds for each 
f(u, v) = 0(u)q*(v), with 0 E D(A) and O* E D(A*) [see Hansen 
and Scheinkman (1995)]. 

The test functions we used in our applications (see Section 6) are in- 
finitely smooth bounded functions with derivatives with exponentially 
thin tails at oc. Furthermore, the restrictions introduced in Section 4 
imply that lim,o s(u) = oc, and that limu,O s(u) :# 0 (possibly 
= oc) unless y = t + 1 and 0 < e < 1/2. In this case s(u) - U-2,t 

for large u. Using these facts, one can verify that under the parameter 
restrictions specified in Section 4, conditions (a) to (f) are satisfied. 

Appendix F: Central Limit Approximations for Nonseparable 
Functions 

We may extend the approach taken in Appendix B to functions of two 
arguments (corresponding to two different time periods). We alter our 
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definition of Z: 

Z {b: for all s, E[fr (Xt+s5 xt)] = 0 and E[@f (xt+s, xt)2] < b 

for some b independent of s}. 

Application of the generator to the cumulative normal test functions 
we use in Section 6 results in functions in Z. We now use the decom- 
position 

V(Yj+i?,yj) = 1{E[*(ym+i, Ym)I71+i]-E[*(ym+i,Ym)IIHjI-ej+i+ej 
m=j 

where 
00 

ej+1 = E {E[(ym+i,ym)I7i1+lIl 

m= j+l 

to obtain a martingale difference approximator and hence a central 
limit result. The formal justification of the martingale difference ap- 
proximation is essentially the same as in Appendix B. 

Appendix G: Estimates of Nonlinear Drift Parameters 

Table 2 below presents estimates of a as defined in Equation (12), 
and as used for the nonlinear drift specifications in Figures 1-7 and 
Figure 9. The estimator is defined in Equation (14). 

Table 2 
Input into the construction of the figures 

y 7-Y x at, 10 x 7-Y x ao 102 x 7-Y x a, 103 x 7-Y x a2 

0 8.2349 -26.127 24.150 -7.4531 
(1.3657) (6.3519) (8.0167) (2.8276) 

1 3.4534 -9.7524 9.8181 -4.5131 
(1.2514) (6,5243) (9.0433) (3.4612) 

2 1.6862 -6.4647 12.646 -8.3724 
(1.2508) (6.9097) (10.504) (4.5348) 

3 2.4939 -15.250 32.646 -19.518 
(1.2596) (7.3974) (12.573) (6.3055) 

4 4.0905 -26.962 55.490 -31.014 
(1.2706) (7.9583) (15.000) (8.5271) 

5 3.9811 -26.350 52.023 -25.609 
(1.3211) (8.6904) (17.640) (10.996) 

6 1.1220 -5.4129 2.1667 12.449 
(1.2616) (9.0138) (20.330) (14.357) 

Standard errors in parentheses. The standard errors are based on 
spectral density estimates that were calculated as weighted averages 
of autocovariances using a Bartlett window that included 60 time 
lags. The normalized parameters 7-y[a1, a0, a1, 0!21 imply for every 
y a local variance equal to one at interest rate level seven. 
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